We present accurate results for the energy levels of antiprotonic helium atoms with the relativistic and QED corrections of order a 4 mc 2 taken into account. These results reduce the discrepancy between theory and experiment to about 5 -10 ppm and rigorously confirm Condo's model of metastability for the long-lived fraction of antiprotonic helium. The present level of precision enables the unambiguous ascription of quantum numbers to all of the transition lines observed so far. [S0031-9007(97) Over the past few years a new experimental program has been launched [1] following the discovery that a fraction of the antiprotons stopped in a helium target survive for a surprisingly long time (tens of microseconds) [2] . As suggested by Condo [3] more than 20 years ago, the longevity of antiprotons in helium is explained by the existence of metastable states of the exotic atom He 1p . In these states the antiproton, after having substituted one of the electrons of the neutral helium atom, settles in a nearly circular orbit ͑n, l͒ with the principal quantum number n close to the value p M͞M e ഠ 38, where M is the reduced mass ofp. The neutrality of the He 1p atoms and the considerable energy difference of the order of 2 eV between sublevels with the same principal quantum number n but different orbital momentum l of the antiprotonic orbital prevent it from prompt collisional deexcitation. The internal Auger transitions are also strongly suppressed, since for large ͑n, l͒ orbitals the level spacing is much smaller than the ionization energy I 0 25 eV. The mainstream of the deexcitation process therefore occurs through radiative transitions which are slow for high values of n ͑t ഠ 1.5 3 10 26 s͒.
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This surprising longevity allows these states to be manipulated experimentally, e.g., by high precision measurements of laser induced transitions [4, 5] . Various attempts to estimate the transition wavelengths have now been made by using the atomic configuration interaction method [6] , the Born-Oppenheimer adiabatic approach [7, 8] , the large configuration space variational method [9] , and the coupled rearrangement channel variational method [10] . The theoretical predictions clustered around the experimental values, however, with a large dispersion of 1000 pm. A substantial improvement was achieved in [11] : the nonrelativistic energies were calculated with an accuracy better than 10 27 a.u., which corresponds to a 1 ppm level in the nonrelativistic transition wavelengths. However, theory and experiment still disagree by 50-100 ppm indicating that further improvement is possible only by taking into consideration the relativistic and higher order QED effects.
The antiprotonic helium atom consists of three particles: a helium nucleus, an electron, and an antiproton which substitutes the second electron of the helium atom. The nonrelativistic Hamiltonian (in atomic units e h m e 1) can be written in Jacobian coordinates as
where , r is the position vector of the electron with respect to the center of mass of the heavy particles, r He and rp are the distances from the electron to the helium nucleus and antiproton, respectively, while R is the distance between the heavy particles.
The wave function of the antiprotonic atom depends on the variables R, r, and u (the latter being the angle between the vectors r and R) and the Euler angles F, Q, w, which are separated by means of the expansion
where D
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Mm are the symmetrized Wigner D functions [11, 12] of spatial parity l ͑21͒ L . It is worthwhile to note that the adiabatic solution of [7, 8] belongs to the subspace of states with m 0.
The functions
where j ͑r He 1 rp͒͞R and h ͑r He 2 rp͒͞R are the prolate spheroidal coordinates of the electron and i n $ j n . The factor R l ‫ء‬ is introduced to meet the requirement that the antiproton is on a nearly circular orbit.
The detailed description of the method can be found in [12] .
In the case of semiadiabatic three-body systems the above method converges quickly with respect to m max # L, where m max is the number of components kept 0031-9007͞97͞79(18)͞3379(4)$10.00 in expansion (2) . If m max is smaller than the multipolarity of the Auger transition, the Hamiltonian projected onto this subspace has a purely discrete spectrum. Throughout this paper we use the atomic quantum numbers ͑n, l͒ of the antiprotonic orbital to label the quantum states of the antiprotonic helium atom. Since for the states under consideration the electron is supposed to be in the ground state, the angular momentum l of the antiprotonic orbital is in one to one correspondence with the total orbital momentum L of the three-body system. Table I illustrates the convergence of the nonrelativistic energies and the transition wavelengths obtained by the variational method of Eqs. (2) and (3). The theoretical estimate, l theor 470.7049 nm, for the wavelength of the transition ͑37, 34͒ ! ͑36, 33͒, is to be compared with the experimental value, l exp 470.724͑2͒ nm [4] . Despite the high accuracy of l theor , the deviation between theory and experiment exceeds 40 ppm.
The electron in the He 1p atom moves about 40 times faster than the antiproton and appears to be essentially a relativistic particle. Since the antiprotonic helium atom can be qualitatively considered as an adiabatic system and, therefore, the electron cloud density is independent of the quantum numbers n and l, one might expect that the relativistic contributions from the parent and daughter states to the transition energy strongly cancel each other. In fact, such cancellations do not really occur because the relativistic corrections have to be averaged over the antiprotonic orbitals that do depend on n and l.
To calculate the relativistic corrections for the bound electron we consider the electron as a Dirac particle in the electromagnetic field of two parametrically driven nuclei:
Applying then the Pauli approximation, we get the following terms that result in a shift of the energy level:
Consideration of the relativistic corrections for the bound electron improves agreement between theory and experiment significantly and reduces the discrepancy to 5-10 ppm. Tables II and III 4 He 1p system based on this data is presented in Fig. 1 . Note that the nonrelativistic energies of Tables II and III were calculated by the same methods as in [11] but using a larger basis set with N 2364, which increased the accuracy of the nonrelativistic values to about 10 28 a.u. In the right upper corner of these tables the states are presented with a smaller number of digits since the Auger predissociation width for these states is greater than 10 28 a.u.; the corresponding values were calculated by a somewhat different method as resonances in the scattering problem (see [13] ). The last digit approximates the center of the resonant profile in the energy spectrum, while the width of these states is about 10 times greater than indicated by the last digit.
Comparison of the experimental and theoretical values of Table IV clearly indicates that they still disagree by a systematic shift of the order of a few ppm. To explain this shift we have to take into consideration higher order QED effects. In addition to the corrections resulting from the Dirac Hamiltonian of Eq. (4), we also estimated the most important higher order relativistic and QED contributions to the energy shift, including (a) the relativistic mass correction to the kinetic energy of heavy particles:
(b) the retardation of the electromagnetic field produced by the particles: 
where g m e c͞h; (d) the interaction with electromagnetic vacuum (Welton's formula [14] ):
(we have to note that this is a very rough estimate); and (e) the effects of the electromagnetic structure (EMS) of the nuclei, i.e., the electromagnetic interaction of the pointlike electron with the spatially distributed electric charge of 4 He andp at short distances [15] . The numerical results for the state ͑37, 35͒ are presented in Table V . It is clearly seen that the dominating contribution coming from the radiative correction term (d) (i.e., from the Lamb shift for the bound electron) is only an order of magnitude smaller than the relativistic correction for the electron. Therefore, the systematic deviation between theory and experiment might be due to the radiative corrections. This work is in progress now. [4,5, 16 -18] . During the last year new experimental techniques were introduced that enabled the study of a much wider class of metastable states. In these experiments the laser was tuned to the wavelength predicted by theory and new resonances were found almost immediately after starting the scan [19] . This thoroughly confirms the accuracy of the present theoretical approach.
Through the study of the fine and hyperfine structure of antiprotonic helium atoms it is also expected to obtain valuable information on the electromagnetic structure of antiprotons, as a part of a general program to investigate the fundamental properties of antiprotons. We hope that this goal can be achieved since the success in studying the helium fine structure proves that QED can be tested with high precision even for a system which has no analytical solution [20] . The first experimental results on the fine structure of antiprotonic helium atoms [21] are encouraging.
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